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Abstract
Two results regarding Ka¨hler supermanifolds with potential K = A + Cθθ¯ are
shown. First, if the supermanifold is Ka¨hler-Einstein, then its base (the supermanifold
of one lower fermionic dimension and with Ka¨hler potential A) has constant scalar
curvature. As a corollary, every constant scalar curvature Ka¨hler supermanifold has
a unique superextension to a Ka¨hler-Einstein supermanifold of one higher fermionic
dimension. Second, if the supermanifold is itself scalar flat, then its base satisfies the
equation
φj¯iφij¯ = 2∆0S0 +R
j¯i
0 R0ij¯ − S20 , (1)
where ∆0 is the Laplace operator, S0 is the scalar curvature, and R0ij¯ is the Ricci tensor
of the base, and φ is some harmonic section on the base. Remarkably, precisely this
equation arises in the construction of certain supergravity compactifications. Examples
of bosonic manifolds satisfying the equation above are discussed.
∗jianpeng.ang@stonybrook.edu
†martin.rocek@stonybrook.edu
‡joschu@berkeley.edu
1
1 Introduction
In [1] it was shown that a super-Ricci flat Ka¨hler supermanifold of complex fermionic dimen-
sion 1 has a Ka¨hler scalar flat bosonic base. The result is actually slightly more general –
it applies to any supermanifold, of possibly higher fermionic dimension, with a super-Ka¨hler
potential of the form K = A + Cθθ¯, where the bosonic base is replaced by a supermanifold
of one fermionic dimension lower with super-Ka¨hler potential A. In this article, we continue
the study of supermanifolds with potential K = A+ Cθθ¯.
In section 2, we find that Ka¨hler-Einstein supermanifolds have a base (super)manifold
that is Ka¨hler with constant scalar curvature (cscK). Equivalently, any cscK (super)manifold
with (super)Ka¨hler potential A has a unique extension to a Ka¨hler supermanifold of one
higher fermionic dimension with potential A + Cθθ¯. As an example, we look at the cscK
manifold CPn, whose extension is the Ka¨hler-Einstein supermanifold CPn|1.
In section 3, we find that if the supermanifold is scalar flat, the base supermanifold
satisfies a constraint on its curvature,
φj¯iφij¯ = 2∆0S0 +R
j¯i
0 R0ij¯ − S20 , (2)
where ∆0 is the Laplace operator, S0 is the scalar curvature, and R0ij¯ is the Ricci tensor of
the base, and φ is some harmonic section on the base. Remarkably, this equation is satisfied
by certain symplectic leaves of solutions of IIB supergravity with AdS3 factors and of d = 11
supergravity with AdS2 factors [2, 3]. We review the method introduced in [4, 5] of generating
bosonic manifolds satisfying equation (2) from a positively curved Ka¨hler-Einstein manifold,
and use this method to construct superscalar flat Ka¨hler examples.
2 Ka¨hler-Einstein supermanifolds
In this section, we show that if a Ka¨hler supermanifold of complex dimension (D0|D1) (com-
plex bosonic dimension D0 and fermionic dimension D1) and super-Ka¨hler potential
1
K = A + θθ¯C (3)
satisfies Einstein’s equations, then the base (super)manifold obtained by setting θ = 0 must
have constant (super)scalar curvature. Note that the base (super)manifold has dimension
(D0|D1 − 1) and is (super)Ka¨hler with potential A.
We define2
gIJ¯ = ~∂IK ~∂J¯ ,
√
g = sdet gIJ¯ ,
RIJ¯ = −~∂I(log√g) ~∂J¯ , S = str gJ¯IRIK¯ ,
(5)
1In the case of one fermionic dimension, this is the most general form of the Ka¨hler potential if we do not
allow the potential to depend on fermionic parameters.
2Following [1], we use a convention where holomorphic derivatives act from the left and antiholomorphic
derivatives act from the right. It is related to a convention where all derivatives act from the left by
~∂IX ~∂J¯ = (−)|J¯|(|X|+1)~∂I ~∂J¯X . (4)
2
where str, sdet are the usual supertrace and superdeterminant; for any supermatrix
X :=
(
A B
C D
)
, (6)
we have
strX = trA− trD , sdetX = detA
det(D − CA−1B) =
det(A− BD−1C)
detD
. (7)
The normalization of the super-Ricci scalar S differs from the standard definition by a factor
of 2.
Einstein’s equation is
RIJ¯ − SgIJ¯ + ΛgIJ¯ = 0 . (8)
Taking the supertrace yields
S + (−S + Λ)(D0 −D1) = 0 , (9)
where we have used that str gJ¯IgIK¯ = str δ
J
K = D0 − D1 is the (complex) superdimension.
Therefore, Einstein supermanifolds have constant super Ricci scalar, given by
S =
Λ(D0 −D1)
D0 −D1 − 1 . (10)
Einstein’s equation may be rewritten as
RIJ¯ = ΥgIJ¯ , (11)
where Υ = Λ/(D0 − D1 − 1). We note that in complex dimension D0 − D1 = 1, this trace
reversal does not work, so we will define a superdimension 1 Einstein supermanifold by (11).
Using (5), we can rewrite (11) as:
~∂I(log
√
g +ΥK) ~∂J = 0 . (12)
This implies that we can perform a holomorphic coordinate transformation so that in the
new coordinates, we have √
g = e−ΥK . (13)
Substituting this in (3) and using θ2 = 0, we find:
√
g = e−ΥA(1− θθ¯ΥC) . (14)
We now find the conditions imposed on the base manifold by the super Einstein equation.
First, we find that
gIJ¯ = ~∂IK ~∂J¯ =
(
Aij¯ + θθ¯Cij¯ Ciθ
θ¯Cj¯ C
)
, (15)
so
√
g =
1
C
det
(
Aij¯ + θθ¯Cij¯ − Ciθ
1
C
θ¯Cj¯
)
=
1
C
detAij¯
(
1 + θθ¯C∆0 logC
)
, (16)
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where subscripts on A and C denote derivatives, Aj¯i is the inverse of the metric on the base
manifold Aij¯, and ∆0 is (half) the Laplacian on the base manifold
3 ∆0 = g
j¯i∂i∂j¯ . Comparing
(16) to (14) yields
e−ΥA =
1
C
detAij¯ , (17)
−e−ΥAΥC = detAij¯ ∆0 logC. (18)
In particular, we find that
−Υ =∆0 logC = ∆0 log(eΥA detAij¯)
=∆0(ΥA+ log detAij¯)
=Υ(D0 −D1 + 1)− S0 , (19)
where S0 is the Ricci scalar of the base manifold S0 = −∆0 log detAij¯ .
We therefore find that the base manifold is cscK with
S0 = Υ(D0 −D1 + 2) = ΛD0 −D1 + 2
D0 −D1 − 1 . (20)
We can also carry out these steps in the opposite direction, obtaining a fermionic extension
of any cscK manifold. In the following example, we find the extension of CPn.
2.1 Superextension of CPn
CP
n with the Fubini-Study metric is a Ka¨hler manifold given by the potential
A = log(1 + zz¯) := log(1 + δkk¯z
kz¯k¯) . (21)
The metric is
Aij¯ =
δij¯
1 + zz¯
− ziz¯j¯
(1 + zz¯)2
, (22)
and we can compute
log detAij¯ = log(1 + zz¯)
−n−1 = −(n + 1)A , (23)
which shows that CPn is Ka¨hler-Einstein with Υ0 = n + 1, and therefore is cscK with
S0 = n(n + 1).
Equation (17) then tells us that the superextension of CPn has
C = eΥA detAij¯ . (24)
Substituting this into (18) yields
−Υ =∆0 log(eΥA detAij¯) (25)
=(Υ− (n+ 1))n , (26)
where we have used ∆0A = n. This shows that Υ = n, so the D1 = 1 superextension of CP
n
has potential
K = log(1 + zz¯) + θθ¯(1 + zz¯)−1 = log(1 + zz¯ + θθ¯) . (27)
This space is the super complex projective space CPn|1.
3When the base is a supermanifold, we use the definition of the super-Laplacian given below (28), and
the det’s in (16) become sdet’s.
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3 Super Ka¨hler scalar flat
We now study the constraints that super-scalar flatness imposes on the base manifold. Using
such a supermanifold as a base allows us to use the method described in the previous section
to find super Ka¨hler-Einstein supermanifolds.
First, we define the super-Laplacian by
∆ =str gJ¯I~∂I ~∂K¯
=g j¯i∂i∂j¯ + g
j¯θ~∂θ∂j¯ − gθ¯i∂i ~∂ θ¯ − gθ¯θ~∂θ ~∂ θ¯ . (28)
Notice that ∆K = D0 − D1 is the superdimension, and −∆ log sdet√g = S is the super
scalar curvature.
We compute the inverse metric4
gJ¯I =
(
(Aij¯ + θθ¯(logC)ij¯)
−1 −Aj¯i(logC)iθ
−θ¯(logC)j¯Aj¯i (C + θθ¯Cj¯Aj¯iCi)−1
)
=
(
Aj¯i − θθ¯C(logC)j¯i −(logC)j¯θ
−θ¯(logC)i C−1 − θθ¯(logC)i(logC)i
)
, (30)
where in the last line we have used the base metric Aij¯ to raise and lower bosonic indices.
Using the earlier result (16)
log sdet
√
g = log
(
1
C
detAij¯(1 + θθ¯C∆0 logC)
)
=− logC + log detAij¯ + θθ¯C∆0 logC , (31)
we find that the condition for super-scalar flatness is
0 =∆ log sdet
√
g
=∆0(log detAij¯ − 2 logC)
+ θθ¯C
(
(∆0 logC)
2 +∆0∆0 logC + (logC)
j¯i((logC)ij¯ +R0ij¯)
)
(32)
The bosonic component tells us that
φ = 2 logC − log detAij¯ (33)
is a harmonic section on the base manifold (i.e., ∆0φ = 0). We use this relation to eliminate
logC in the nilpotent component in favor of φ, yielding the geometric identity
0 = (S0)
2 − 2∆0S0 + φj¯iφij¯ −Rj¯i0 R0ij¯ . (34)
4The inverse of a supermatrix in block form is
(
A B
C D
)
=
(
(A−BD−1C)−1 −(A−BD−1C)−1BD−1
−D−1C(A−BD−1C)−1 (D − CA−1B)−1
)
. (29)
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3.1 Global properties of φ
In one fermionic dimension, the most general holomorphic coordinate transformation is z′i =
f i(z), θ′ = h(z)θ, whose Jacobian is
∂(z′, θ′)
∂(z, θ)
=
(
∂jf
i 0
∂jh h
)
. (35)
This shows that holomorphic coordinate transformations are automatically split in one fermionic
dimension, so the supermanifold is the whole space of a Grassmann-valued holomorphic line
bundle F defined by the transition function h.
The superdeterminant
√
g transforms as
√
g′ =
√
g |det ∂jf i/h|−2. The volume element
of the base metric and C transform as
detA′ij¯ = detAij¯
∣∣det ∂jf i∣∣−2 ,
C ′ = C |h|2 . (36)
Therefore, according to (33), eφ is a section of the line bundle D ⊗ F 2 ⊗ F¯ 2, where D is the
determinant bundle of the cotangent bundle of the base manifold. Its transition function is
eφ
′
= eφ |det ∂jf i|2 |h|4.
3.2 Examples with constant φ
The simplest examples are products of Ka¨hler-Einstein (super)manifolds of dimensions (D
(α)
0 |D(α)1 )
with metric g
(α)
ij¯
and Ricci tensors satisfying R
(α)
ij¯
= Υ(α)g
(α)
ij¯
, with locally constant5 φ, so that
the resulting equation
(S0)
2 − 2∆0S0 −Rj¯i0 R0ij¯ = 0. (37)
becomes an algebraic equation
(∑
α
Υ(α)(D
(α)
0 −D(α)1 )
)2
−
∑
α
(
Υ(α)
)2
(D
(α)
0 −D(α)1 ) = 0 . (38)
Examples of solutions are CPn|n, CPn+1|n and CP1 × CP1 × H , where H is the hyperbolic
plane. The superextensions of the first two spaces are respectively CPn|n+1 and CPn+1|n+1.
Note that CPn|n is both Ka¨hler-Einstein with nonzero cosmological constant and scalar flat
(this is not a contradiction since D0 −D1 = 0), while CPn|n+1 is Ricci flat [6, 7].
Remarkably, (37) is also satisfied by symplectic leaves of certain supersymmetric solutions
of IIB supergravity with an AdS3 factor [2] or 11 dimensional supergravity with an AdS2
factor [3].6 In [4, 5], the authors found a method of generating manifolds of dimension D0
satisfying (37), generalizing the supergravity solutions, starting from a (bosonic) positively
curved Ka¨hler-Einstein manifold of dimension D0− 1. In the following, we briefly review the
method.
5φ is necessarily locally constant in the case where the line bundle is trivial and the base manifold is
bosonic and compact, since
∫ |∇φ|2 = − ∫ φ∆0φ = 0 by partial integration.
6Equation (37) first appeared in [8], for D0 = 2, in the context of U(1) and SU(2) gauged supergravities
in six dimensions.
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Let dsˆ2 and ωˆ be respectively the metric and Ka¨hler form of a D0−1 dimensional Ka¨hler-
Einstein manifold with positive cosmological constant, normalized so that its scalar curvature
is Sˆ0 = 2D0(D0−1). Consider the following ansatz for the metric and Hermitian form of the
D0 dimensional manifold,
ds20 =
1
x
(
dx2
4x2U
+ U(dψ +B)2 + dsˆ2
)
, (39)
ω0 =
1
x
(
− 1
2x
dx ∧ (dψ +B) + ωˆ
)
, (40)
where B satisfies dB = 2ωˆ, and U = U(x) is an as yet undetermined function of x. It is
straightforward to verify that ω0 is closed. The Einstein property of the D0 − 1 dimensional
Ka¨hler manifold then ensures that the complex structure defined by ω0 is integrable. There-
fore, the D0 dimensional manifold is indeed Ka¨hler, and its potential may be computed to
be
A =
∫ x dx′
2x′2U(x′)
. (41)
It can be explicitly checked that, for this ansatz, equation (37) reduces to a fourth order
differential equation for U(x). It is then straightforward to find polynomial solutions of U(x)
by inspection, see [4] for details. We shall focus on a particular family of solutions
U = 1− αxD0−2(x− 1)2 , (42)
where α is any constant.
We now determine the ranges of the coordinates giving rise to complete and nonsingular
manifolds. Note that U should be everywhere nonnegative to ensure positive definiteness of
the metric, and that there is a finite distance curvature singularity at x = ∞. This means
that we should exclude ∞ from the range of x, and hence we should take α positive.
We first discuss the case when D0 > 2. For α < α0 = D
D0
0 /4(D0− 2)D0−2, U has just one
positive zero x0. For α > α0, U has three positive zeroes, x0, x1, x2 (ordered increasingly).
Therefore, there are two ranges we could choose for x: 0 < x ≤ x0, or x1 ≤ x ≤ x2. We
discuss each in turn.
• 0 < x ≤ x0: Note that x → 0 is at an infinite distance away, so this is a noncompact
space. Near x = x0, U depends linearly on x − x0. We therefore approximate U by
U ′0(x − x0), and introduce the change of coordinates ρ = −U ′0−1/2x−3/20 (x − x0)1/2, so
the metric near x0 becomes
ds2 = dρ2 + ρ2U ′0
2
x20(dψ +B)
2 +
1
x0
dsˆ2 . (43)
If we choose ψ to have period −2π/U ′0x0, then x = x0 is just a polar coordinate
singularity, so this manifold is smooth and noncompact. Its volume is infinite.
• x1 ≤ x ≤ x2: This is a compact space, assuming that the D0 − 1 Ka¨hler-Einstein
manifold is compact. By the same argument as above, near x1 and x2, the regions look
like polar coordinate singularities, but in this case, it is not possible to choose a period
for ψ avoiding conical singularities at both x1 and x2. This is therefore a compact
conifold.
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If α = α0, so that two zeroes meet, x0 = x1, in either range 0 < x < x0 or x1 < x < x2, the
region near x0 = x1 is an infinitely long spike of finite volume.
For D0 = 2, for α < 1 there is just one positive root, yielding the first scenario; while for
α > 1 there are two positive roots, yielding the second scenario.
The scalar flat superextensions of these manifolds are given by
C2 = k detAij¯ =
k
2
x−D0−1 det ωˆij¯ , (44)
where k is some positive constant.
3.3 Examples with nontrivial φ
The supergravity solutions of [2, 3] were generalized in [9] to support magnetic fluxes. The
fluxes enter the geometry by modifying (37) to include the flux action. For instance, the
D0 = 4 dimensional manifold giving rise to the 11-dimensional supergravity solution supports
a (2, 2) primitive field strength Fijk¯l¯, which modifies the equation satisfied by the manifold
to
(S0)
2 − 2∆0S0 − Rj¯i0 R0ij¯ + F l¯k¯jiFijk¯l¯ = 0 . (45)
We adapt this method to generate a 2-form flux which would precisely give examples of
manifolds satisfying (34) with nontrivial φij¯. Starting with the same ansatz (39), (40) as
before, but this time also include a 2-form flux
F = q d
(
xD0−1(dψ +B)
)
. (46)
It can be checked that F is of type (1, 1), harmonic and primitive, so that it may indeed be
written as the complex hessian of a local potential function Fij¯ = φij¯. Equation (34) reduces,
as before, to a fourth order differential equation for U(x). We shall focus on a particular
family of solutions
U = 1− αxD0−2(α−1x− 1)(α−1x− β) , (47)
where β = 1 + q/
√
2, and α is an arbitrary constant we take to be positive to avoid the
curvature singularity at x = ∞. The properties of U are similar to the fluxless case; U has
one positive zero for small α and three for large α. We can let x take values from x = 0 to
the first positive zero of U , in which case we obtain an infinite volume smooth manifold; or
between the two largest roots of U when it has three positive zeroes, in which case we obtain
a compact conifold.
The scalar flat superextensions of these manifolds are given by
C2 = eφ detAij¯ =
1
2
eφx−n−1 det ωˆij¯, (48)
where φ is the local potential for the 2-form flux.
4 Conclusion
We have studied the relation between a Ka¨hler supermanifold, with potential K = A+Cθθ¯,
and its base supermanifold, in the cases when the supermanifold is Einstein and when it
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is scalar flat. In the first case, we find that the base is cscK, and in the second case, the
geometry of the base satisfies a differential constraint (2). As described above, this differential
constraint has been studied in the context of supergravity solutions; why the same equation
arises in apparently unrelated contexts is unclear. Certainly the supermanifold construction
is more concise, and it could lead to new insights.
Another direction for further study is to generalize the Ka¨hler potential to K = A+Bθ¯+
θB¯ + Cθθ¯, which is not related to our case by holomorphic coordinate transformations.
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